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not nuclear but the series of its approximations numbers is convergent and the second one
is not a Hilbert–Schmidt form but the series of the square of its approximation numbers is
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1. Introduction
It is well known that approximation numbers {an(T )} of an operator T provide us with information about the degree of
compactness of T . Working with operators between Hilbert spaces, it turns out that
(A) T is nuclear operator if and only if
∑
an(T ) < ∞.
(B) T is a Hilbert–Schmidt operator if and only if
∑
a2n(T ) < ∞.
A. Pietsch and J. Peetre asked if results (A) and (B) can be extended to multilinear forms deﬁned on Hilbert spaces.
Pietsch’s motivation was the extension of the theory of operator ideals to the non linear case, while Peetre (see [5]) was
led by the investigation of Hankel operators. Pietsch [6] pointed out there are several possibilities to deﬁne the rank ρ of
a multilinear form t and, consequently, there are different sequences {an(t,ρ)} of approximation numbers of t that we can
consider. In this paper we work with the rank σ introduced in [6] and the deﬁnition of which is recalled below.
In [3] it is proved that every multilinear nuclear form t satisﬁes that
∑
an(t, σ ) < ∞ and every multilinear Hilbert–
Schmidt form t satisﬁes that
∑
a2n(t, σ ) < ∞. The other implications are also proved but for some class of multilinear forms
introduced in [3].
In this paper we are going to give two examples of trilinear forms such that results (A) and (B) are not satisﬁed.
2. Preliminaries
Let H1, H2 and H3 be three Hilbert spaces over the ﬁeld K, where K = R or C, and (e1,i1)i1∈I1 , (e2,i2)i2∈I2 and (e3,i3)i3∈I3
denote orthonormal bases of H1, H2 and H3, respectively.
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t : H1 × H2 × H3 → K
is said to be bounded if
‖t‖ = sup{∣∣t(x1, x2, x3)∣∣; ‖x1‖,‖x2‖,‖x3‖ 1}
is ﬁnite.
We denote by L the Banach space of all bounded trilinear forms t deﬁned on the Cartesian product H1 × H2 × H3.
For u1 ∈ H1, u2 ∈ H2 and u3 ∈ H3 we deﬁne the bounded trilinear form:
u1 ⊗ u2 ⊗ u3 : (x1, x2, x3) → 〈x1,u1〉〈x2,u2〉〈x3,u3〉.
Let us recall a trilinear form t ∈ L is said to be nuclear if it can be represented as a sum
t =
∑
λnu1,n ⊗ u2,n ⊗ u3,n,
where {λn}, {u1,n}, {u2,n}, {u3,n} are sequences in K, H1, H2, H3, respectively, with ∑ |λn|‖u1,n‖‖u2,n‖‖u3,n‖ < ∞. We will
denote by S1 the Banach space of all trilinear nuclear forms equipped with the norm
‖t‖1 = inf
{∑
|λn|‖u1,n‖‖u2,n‖‖u3,n‖
}
,
where the inﬁmum is extended over all representations of t as above.
A trilinear form t is said to be a Hilbert–Schmidt form if
‖t‖22 =
∑
i1∈I1, i2∈I2, i3∈I3
∣∣t(e1,i1 , e2,i2 , e3,i3)∣∣2 < ∞.
Notice that the quantity ‖t‖2 does not depend on the special choice of the orthonormal basis. The Hilbert–Schmidt norm
‖t‖2 is generated by the inner product (see [1]),
〈t, s〉 =
∑
i1∈I1,...,i3∈I3
〈
t(e1,i1 , e2,i2 , e3,i3), s(e1,i1 , e2,i2 , e3,i3)
〉
.
We will denote by S2 the Hilbert space of all trilinear Hilbert–Schmidt forms.
The following continuous embeddings hold: S1 ⊂ S2 ⊂ L.
In [1] it was proved that the inner product 〈t, s〉 can be still deﬁned if t ∈ S1 and s ∈ L and it is satisﬁed that∣∣〈t, s〉∣∣ ‖t‖1‖s‖. (1)
On the other hand, the rank σ(t) is deﬁned by
σ(t) = max{rankTi(t);1 i  3},
Ti(t) being the i-th sectional operator given by
Ti(t): Hi → Bi,
xi t(·, xi, ·),
where Bi is the Banach space of all bounded bilinear forms t(·, xi, ·) deﬁned on the Cartesian product Hi1 × Hi2 , where
i1 < i2 and {i, i1, i2} = {1,2,3}.
Given t ∈ L and n ∈ N , the n-th approximation number of the form t, an(t, σ ), associated to the rank σ , is given by
an(t,σ ) = inf
{‖t − s‖; s ∈ L, σ (s) < n}.
3. Counterexamples
Let H be a separable Hilbert space and let {en} be an orthonormal basis on H . For each n we consider the subspace Hn
of H generated by the vectors:
{edn−1+1, edn−1+2, . . . , edn−1+n},
being d0 = 0 and dn = dn−1 + n.
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dim(Hn) = n and dim
(
n⋃
i=1
Hi
)
= dn for all n.
Now we take a trilinear form tn deﬁned on Hn × Hn × Hn in the following way:
tn =
n∑
i1,i2,i3=1
ξi1i2i3edn−1+i1 ⊗ edn−1+i2 ⊗ edn−1+i3 ,
where ξi1 i2 i3 ∈ {−1,1}.
For any choice of signs it is satisﬁed:
‖tn‖2 =
√
n3 and ‖tn‖1  n3 for all n
and there exist entries ξi1 i2 i3 so that tn satisﬁes:
‖tn‖ 3
√
π
√
n
(see Theorem 2.1 of [2]).
We are now prepared to introduce the counterexamples.
Counterexample 1. Given the sequence of trilinear forms {tn} deﬁned before, we take the following trilinear form:
t = 1
3
√
π
∞∑
n=1
1
n3
tn,
which is not nuclear but satisﬁes:
∞∑
n=1
an(t,σ ) < ∞.
Let us ﬁrst observe that t is well deﬁned because the series
∑∞
n=1 1n3 tn converges in L.
For proving that t is not nuclear we are going to apply Theorem 2.2 of [1] which proves that t is nuclear if and only if
the nuclear norm of the sequence { 1
3
√
π
∑p
n=1
1
n3
tn} is bounded.
For each p we will take the following trilinear form:
rp = 1
3
√
π
p∑
n=1
1√
n
tn.
As each trilinear form tn is deﬁned on the subspace Hn, if we call Pn the orthonormal projection of H onto Hn, it is
easy to see that:
‖rp‖ = sup
{∣∣∣∣∣rp
( p∑
n=1
Pn(x1),
p∑
n=1
Pn(x2),
p∑
n=1
Pn(x3)
)∣∣∣∣∣; ‖x1‖,‖x2‖,‖x3‖ 1
}
= 1
3
√
π
sup
{∣∣∣∣∣
p∑
n=1
1√
n
tn
(
Pn(x1), Pn(x2), Pn(x3)
)∣∣∣∣∣; ‖x1‖,‖x2‖,‖x3‖ 1
}
 1
3
√
π
sup
{ p∑
n=1
1√
n
‖tn‖
∥∥Pn(x1)∥∥∥∥Pn(x2)∥∥∥∥Pn(x3)∥∥; ‖x1‖,‖x2‖,‖x3‖ 1
}
 1
3
√
π
sup
{ p∑
n=1
1√
n
3
√
π
√
n
∥∥Pn(x1)∥∥∥∥Pn(x2)∥∥; ‖x1‖,‖x2‖ 1
}
 sup
{( p∑∥∥Pn(x1)∥∥2
)1/2( p∑∥∥Pn(x2)∥∥2
)1/2
; ‖x1‖,‖x2‖ 1
}
= 1.
n=1 n=1
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∑p
n=1
1
n3
tn and to the bounded trilinear form rp :∥∥∥∥∥ 13√π
p∑
n=1
1
n3
tn
∥∥∥∥∥
1

∣∣∣∣∣
〈
1
3
√
π
p∑
n=1
1
n3
tn, rp
〉∣∣∣∣∣
=
∣∣∣∣∣
〈
1
3
√
π
p∑
n=1
1
n3
tn,
1
3
√
π
p∑
n=1
1√
n
tn
〉∣∣∣∣∣
= 1
9π
p∑
n=1
1
n7/2
〈tn, tn〉
= 1
9π
p∑
n=1
n3
n7/2
= 1
9π
p∑
n=1
1
n1/2
.
It remains to prove that
∑∞
n=1 an(t, σ ) < ∞, which is a consequence of the following inequality:
adk+1(t,σ )
1
(k + 1)5/2 for all k,
because the sequence {an(t, σ )} is decreasing and so
∞∑
n=1
an(t,σ ) =
∞∑
k=0
n=dk+1∑
n=dk+1
an(t,σ )
∞∑
k=0
(k + 1)adk+1(t,σ )
∞∑
k=0
1
(k + 1)3/2 < ∞.
For every k we consider the trilinear form sk deﬁned by:
sk = 1
3
√
π
k∑
n=1
1
n3
tn.
It is satisﬁed that:
σ(sk) = max
{
rankTi(sk);1 i  3
}= dim
(
k⋃
n=1
Hn
)
= dk,
therefore
adk+1(t,σ ) ‖t − sk‖
=
∥∥∥∥∥ 13√π
∞∑
n=k+1
1
n3
tn
∥∥∥∥∥
= 1
3
√
π
sup
{∣∣∣∣∣
∞∑
n=k+1
1
n3
tn
(
Pn(x1), Pn(x2), Pn(x3)
)∣∣∣∣∣; ‖x1‖,‖x2‖,‖x3‖ 1
}
 1
3
√
π
sup
{ ∞∑
n=k+1
1
n3
‖tn‖
∥∥Pn(x1)∥∥∥∥Pn(x2)∥∥∥∥Pn(x3)∥∥; ‖x1‖,‖x2‖,‖x3‖ 1
}
 1
3
√
π
sup
{ ∞∑
n=k+1
1
n3
(3
√
π
√
n)
∥∥Pn(x1)∥∥∥∥Pn(x2)∥∥; ‖x1‖,‖x2‖ 1
}
 1
(k + 1)5/2 sup
{( ∞∑
n=k+1
∥∥Pn(x1)∥∥2
)1/2( ∞∑
n=k+1
∥∥Pn(x2)∥∥2
)1/2
; ‖x1‖,‖x2‖ 1
}
= 1
(k + 1)5/2 .
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t = 1
3
√
π
∞∑
n=1
1
n2
tn,
which is not a Hilbert–Schmidt form but satisﬁes:
∞∑
n=1
an(t,σ )
2 < ∞.
Let us ﬁrst observe that t is well deﬁned because the series
∑∞
n=1 1n2 tn converges in L.
It is easy to see that t is not a trilinear Hilbert–Schmidt form because:
∞∑
n1,n2,n3=1
∣∣t(en1 , en2 , en3)∣∣2 =
(
1
3
√
π
)2 ∞∑
n=1
n∑
i1,i2,i3=1
|tn(edn−1+i1 , edn−1+i2 , edn−1+i3)|2
n4
=
(
1
3
√
π
)2 ∞∑
n=1
n3
n4
= ∞.
On the analogy of the proof at the end of Counterexample 1, considering for every k the trilinear form sk deﬁned by
sk = 1
3
√
π
k∑
n=1
1
n2
tn
instead, one can prove that
adk+1(t,σ )
1
(k + 1)3/2 for all k,
which implies:
∞∑
n=1
a2n(t,σ ) =
∞∑
k=0
n=dk+1∑
n=dk+1
a2n(t,σ )
∞∑
k=0
(k + 1)a2dk+1(t,σ )
∞∑
k=0
1
(k + 1)2 < ∞.
Remark 1. In [2] it is proved that for each m > 3 and for each n it is possible to ﬁnd an m-linear form tn with the same
properties as the trilinear form tn used in the construction of the counterexamples, so similar counterexamples can be given
in the general case.
Remark 2. Finally, we would like to mention the recent article [4] which also deals with approximation numbers of multi-
linear forms having the appropriate summability properties but not being contained in certain classes of multilinear forms
of Schatten class type.
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